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Abstract
Using ice slurry as a secondary refrigerant in HVAC systems has many potential beneﬁts for its high cooling capacity. In order
to investigate heat transfer characteristics such as heat transfer rate and heat transfer coeﬃcient in ﬁnned tube cross-ﬂow heat
exchangers with ice slurry as cooling medium, a mathematical model describing heat transfer process of the heat exchanger has
been developed, which are based on three sets of partial diﬀerential equations (PDEs) of energy balance. Then an analytical
solution has been obtained through solving the PDEs model. The analytical solution of the proposed model presents a reasonable
agreement with the experimental data from the published literature when ice mass fraction is between 5% and 25%. In addition,
the relationship between the heat transfer rate and the melting amount of ice crystals is also obtained.
c© 2016 The Authors. Published by Elsevier B.V.
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1. Introduction
Ice slurry is a mixture of small ice crystals (diameter usually between 0.1 and 1 mm) and a carrier ﬂuid which is
consisted of water and freezing point depressant1. It has great potential in delivering energy because of its huge latent
heat from ice crystals melting. Compared to conventional HVAC systems, using ice slurry instead of chilled water
as cooling medium has many beneﬁts for its high cooling capacity, for instance, reducing ﬂow rate, downsizing pipe
networks or pumps. Heat exchangers with ice slurry as cooling medium can be used in air conditioning system as
air handling units, like which is used in CAPCOM building in Osaka, Japan2. However, heat transfer characteristics
of ice slurry are extremely diﬀerent from single phase ﬂuid owing to the complex transfer mechanisms. Thus, the
heat transfer performance of the terminal heat exchangers using ice slurry as cooling medium is one of the focuses
concerned to design or optimize HVAC systems.
There are already some researches on the heat exchangers with ice slurry as cooling medium by either experimental
measurements and/or numerical simulation methods. Ferna´ndez and Diz3,4 experimentally measured the heat transfer
coeﬃcients and the heat transfer rate of ice slurry in an oﬀset strip-ﬁn plate heat exchanger and a terminal fan-coil
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unit. It is found that the fan-coil heat transfer rate with ice slurry (ice concentration between 5 wt% and 20 wt% ) is
higher than that with chilled water (7/12◦C) by factor over 3. Besides, an empirical correlation of the ice slurry heat
transfer coeﬃcient for the oﬀset strip-ﬁn plate heat exchanger was determined by applying the Wilson plot method.
However, the empirical correlation is just suit for some special ﬂow regime in particular type of heat exchangers.
Some other diﬀerent correlations of the ice slurry heat transfer coeﬃcients were validated with the experimental
data in the paper of Grozdek et al. 5 It is also found that those proposed correlations are not so precise or just get
accuracy results for special ﬂow regime or ice concentration. The application ﬁeld of the empirical correlations is
limited. Other experiments were also implemented by Illa´n and Viedma6,7, Be´de´carrats et al. 8, and Renaud et al. 9
Lots of available and relative accurate data were obtained from all these experimental investigations. Nevertheless,
experimental measurements are usually expensive in time and cost, and the results obtained are just usable for the
given experimental condition.
Nomenclature
A′ heat transfer area per unit length of the ﬁnned tube, m
Aa heat transfer area of airﬂow, m2
Acis cross-sectional area of the ﬁnned tube, m2
c′m thermal capacity of metal (tube and ﬁns) per unit length of the ﬁnned tube, J/(m·◦C)
cp speciﬁc heat, J/(kg·◦C)
h heat transfer coeﬃcient, W/(m2·◦C)
L′ latent heat of ice melting per unit temperature change of ice slurry, J/(kg·◦C)
Lf length of the ﬁnned tube, m
Lt length of the overall tube (including U-tube bends section), m
LMTD logarithmic mean temperature diﬀerence between the airﬂow and the tube wall, ◦C
m˙ mass ﬂow rate, kg/s
m˙′ mass ﬂow rate per unit length of the ﬁnned tube, kg/(m·s)
Nu Nusselt number
Pr Prandtl number of the carrier ﬂuid
Q heat transfer rate, W
Re Reynolds number of the carrier ﬂuid
SHF sensible heat factor
t time, s
t∗ dimensionless time
T temperature, ◦C
v velocity, m/s
x distance from the ice slurry inlet, m
x∗ dimensionless distance from the ice slurry inlet
η0 overall ﬁn eﬃciency of the heat exchanger
θ dimensionless temperature
ρ density, kg/m3
ϕm ice mass fraction at ice slurry inlet, %
Subscripts
a air
ai air inlet
ao air outlet
c carrier ﬂuid
i ice crystals
is ice slurry
ref reference state, which is 0◦C
t tube
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Kalaiselvam et al. 10 numerically investigated the heat transfer characteristics of a ﬁnned-tube heat exchanger with
ice slurry as cooling medium. The exhaustive temperature and pressure ﬂied were obtained via numerical simulation.
Some optimization parameters like louver angle, ﬁn pitch, and ice slurry ﬂow velocity were also determined by
simulation method. The relative errors of the results between the numerical computation and the measurements are
within 20%. However, it will take too much time and computational resources to simulate lots of situations with
diﬀerent boundary conditions.
In order to overcome the shortcomings of experimental and numerical methods in studying heat exchangers with
ice slurry as cooling medium, some other diﬀerent methods should be developed. Regarding ice slurry as single
phase ﬂuid is one of simpliﬁed methods while studying its heat transfer characteristics. Haruki and Horibe11 adopted
this method to investigate the heat transfer coeﬃcient of ice slurry in a helically-coiled pipe and obtained reasonable
results. Kousksou et al. 12 also got quality results about the heat transfer coeﬃcient of ice slurry ﬂowing in a horizontal
pipe using this method. Referring to the PDEs for a hot water-to-air heat exchanger13, the simpliﬁed and valid
handling method aforementioned is introduced in this study. The PDEs is developed for a ﬁnned tube cross-ﬂow heat
exchanger with ice slurry as cooling medium and the analytical solution is obtained.
2. Methods
2.1. Assumptions for a ﬁnned tube cross-ﬂow heat exchanger
The physical model of a ﬁnned tube cross-ﬂow heat exchanger using ice slurry as cooling medium is shown in
Figure 1. In order to establish a compact and practical model, some assumptions have been adopted to simplify the
heat exchanger13:
• Thermal physical properties such as densities and speciﬁc heats of the tube, ﬁns, ice crystals, carrier ﬂuid and
air are considered to be constant.
• Convective heat transfer coeﬃcients on the airﬂow side and the ice slurry side are considered to be constant.
• Heat conduction in the ice slurry and the tube along the ice slurry ﬂow direction are negligible.
• Conductive resistance through the tube wall and between the tube and ﬁns is negligible. And heat conduction
from row to row through the ﬁns is ignored.
• The heat transfer eﬀects in the U-tube bends section are distributed throughout the ﬁnned tube portion of the
heat exchanger.
• The temperature and velocity of the air entering the heat exchanger are constant, and the ﬁn eﬀectiveness of the
heat exchanger is constant.
2.2. Mathematical model for air ﬂowing through the heat exchanger
Under the assumptions above, the heat exchanger studied can now be modelled as a long straight ﬁnned tube heat
exchanger, as shown in Figure 2, where Lf is the length of the long ﬁnned tube from the ice slurry inlet to outlet.
Since airﬂow is cooled by the heat exchanger in this model, the moisture of the airﬂow will decrease while the air
is cooling down. In order to consider this part of latent heat caused by airﬂow moisture content changing, a parameter
of heat exchangers, sensible heat factor (SHF)14, has been introduced into the mathematical model. SHF is deﬁned
as the proportion of sensible heat transfer in total heat transfer. Hence, with the parameter SHF, the total heat transfer
rate including latent heat in airﬂow side can be calculated by the sensible heat transfer rate between the airﬂow and
the heat exchanger. The energy balance on an element of the simpliﬁed heat exchanger, as shown in Figure 3, leads
to the following set of three equations with three unknowns, air outlet temperature Tao, ice slurry temperature Tis, and
tube wall temperature Tt.
ρiscpisAcis
∂Tis
∂t
Lt
Lf
+ m˙iscpis
∂Tis
∂x
+ hisA′is(Tis − Tt) = 0 (1)
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Fig. 1. Physical model of the ice slurry ﬁnned tube heat exchanger.
Fig. 2. The simpliﬁed long straight ﬁnned tube heat exchanger model.
c′m
∂Tt
∂t
+
m˙′acpa(Tao − Tai)
SHF
− hisA′is(Tis − Tt) = 0 (2)
m˙′acpa(Tao − Tai) − η0haA′aLMTD = 0 (3)
where Lt and Lf are the length of the overall tube (including U-tube bends section) and the ﬁnned portion tube,
respectively. LMTD is the logarithmic mean temperature diﬀerence between the airﬂow and the tube wall, which is
deﬁned as
LMTD =
(Tao − Tt) − (Tai − Tt)
ln [(Tao − Tt)/(Tai − Tt)] =
Tao − Tai
ln [(Tao − Tt)/(Tai − Tt)] (4)
The density and the speciﬁc heat of ice slurry are deﬁned as
ρis = 1/(ϕm/ρi + (1 − ϕm)/ρc) (5)
cpis = 1
/(
ϕm
/
cpi + (1 − ϕm)
/
cpc
)
+ L′ (6)
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Fig. 3. Energy balance on an element of the simpliﬁed heat exchanger.
where L′ is the latent heat of ice melting per unit temperature change of ice slurry, it is obtained by using the exper-
imental graphic data from Melinder and Granryd15. ϕm is the initial ice mass fraction at the ice slurry inlet. Deﬁne
dimensionless B parameters, temperature, distance and time as
B1 =
m˙iscpisSHF
m˙′acpaLf
, B2 =
hisA′isSHF
m˙′acpa
, B3 =
c′mSHF
m˙′acpaFT
, B4 =
η0haA′a
m˙′acpa
(7)
θ =
(T − Tai)
(Tis − Tai) , x
∗ =
x
Lf
, t∗ =
t
FT
=
t
Lt/vis
(8)
where FT is the ﬂush time of the ice slurry ﬂowing from inlet to outlet, FT = Lt/vis, vis is velocity of ice slurry. θ is
the deﬁnition of dimensionless temperature. Superscript ∗ stands for dimensionless variables. Then, the mixed partial
diﬀerential equation which describes the outlet air temperature can be obtained by combining Equations (1)-(3):
B1B3
B2C1
∂
∂t∗
(
∂θao
∂t∗
+
∂θao
∂x∗
)
+
(
B3
C1
+
B1
C2
)
∂θao
∂t∗
+
B1
C2
∂θao
∂x∗
+ θao = 0 (9)
where
C1 = 1 − exp (−B4) (10)
C2 =
1
1/B2 + 1/C1
(11)
To simplify the equations, the dimensionless superscript ∗ is dropped from all x and t variables. Let u = θao and
the derivatives be set as subscripts of u. Setting
a =
(
B3
C1
+
B1
C2
)
B2C1
B1B3
, b =
B2C1
C2B3
, c =
B2C1
B1B3
(12)
Then the mixed partial diﬀerential equation can be written as
utt + utx + a · ut + b · ux + c · u = 0 (13)
In order to solve the PDEs model, the PDEs given in Equation (13) is separated into a boundary value problem and
an initial value problem. Then the general solution of the PDEs model can be derived from combining the solutions
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of these two subproblems by superposing. The analytical solution of the boundary value subproblem and the initial
value subproblem are solved as below:
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
u1(x, t) = v(x, t)e((2b−a)x−bt)
v(x, t) =
{
0 t < x∫ t−x
0 F˜
′(t − x − τ)J0(2
√
Axτ)dτ t > x
F˜′(t − x − τ) = B2C1B3 · e
B2+C1
B3
(x−t−τ)
(14)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
u2(x, t) = w(α, β) exp(2λx + 2μ(x − t))
w(α, β) = Φ(α, β) + k
∫ α
β
∫ α
η
I0(2
√
k(α − ξ)(η − β))Φ(ξ, η)dξdη
Φ(α, β) = 12
[
G(α) +G(β)
]
+ 12
∫ α
β
ϕ(ξ)dξ − 12
∫ α
β
ψ(η)dη
(15)
where A = c − ab + b2, λ = (b − a)/2, μ = b/2, α = 2x, β = 2(x − t), k = −(c/4 + λμ). J0 is 0-order Bessel function,
I0 is 0-order modiﬁed Bessel function. G, ϕ and ψ are the function of boundary and initial conditions. Finally, the
general solution of Equation (13) can be obtained via adding the solutions of Equations (14) and (15).
u(x, t) = u1(x, t) + u2(x, t) (16)
3. Results
In Equations (1)-(3), the ice slurry heat transfer coeﬃcient and the convective heat transfer coeﬃcient in airﬂow
side are determined by the existing experimental data or correlations shown below16:
Nuis = (0.845 − 1.216 · ϕm) · 0.0344(Reref − 1500)0.78Prref0.37 (17)
ha =
0.484 · m˙a + 701
η0Aa
(18)
where Reref and Prref are the Reynolds and the Prandtl numbers of the carrier ﬂuid at 0◦C. The general solution of
Equation (13) is dimensionless air outlet temperature θao in fact. The average air outlet temperature Tao can also be
obtained with the deﬁnition of the dimensionless temperature. Moreover, heat transfer rate of the heat exchanger
can then be calculated by Equation (19), and its results will be compared with the experimental data from Illa´n and
Viedma7.
Q =
m˙acpa (Tao − Tai)
SHF
(19)
In order to validate the PDEs model, all parameters of the model are set the same as the conditions supplied by
Illa´n and Viedma7, and Illa´n16. The carrier ﬂuid is 9 wt% sodium chloride solution. The inner diameter and the length
of the copper tube for a single pass are 8.8 mm and 7.2 m, respectively. SHF of the heat exchanger is set as 0.64-0.69
to match the experiment at diﬀerent operating conditions. The ice slurry ﬂow rate is 2000 kg/h and 4300 kg/h while
the air ﬂow rate is 3700 kg/h. For considering the inﬂuence of frost growing on the surface of the heat exchanger, the
air convective heat transfer coeﬃcient is decreased by 25%17. Other properties of ice slurry are obtained at the inlet
ice mass fraction. Calculated results from the present model are shown in Figures 4-7.
As can be seen in Figure 4, the heat transfer rate of the heat exchanger is generally rising with the inlet ice mass
fraction increasing. The deviation between the calculated results and the experimental data is acceptable. The relative
error is less than 15%. Especially, when the inlet ice mass fraction is less than 17%, the results of the analytical
solution is closer to the experimental data. Nevertheless, there is a sudden decrease in the heat transfer rate appeared
in Figure 4. It is caused by a change of ﬂow regime of ice slurry at a threshold ice mass fraction under the given
ﬂow rate5. The ﬂow regime of ice slurry will change from turbulent ﬂow to laminar ﬂow when the ice mass fraction
increases over the threshold value under a certain ice slurry velocity. Besides, the ice slurry heat transfer coeﬃcient is
distinguishing in diﬀerent ﬂow regime. In laminar region, ice crystals are ﬂoat at the top of tube. The ﬂow boundary
layer and the heat boundary layer will be broken by ice crystals and this will enhance the heat transfer between the
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Fig. 4. Comparison of the heat transfer rate, (a) m˙is = 2000 kg/h; (b) m˙is = 4300 kg/h.
Fig. 5. Comparison of the outlet temperature of ice slurry, (a) m˙is = 2000 kg/h; (b) m˙is = 4300 kg/h.
tube wall and ice slurry. While ice crystals distributed much uniformly at the tube cross-sectional area in turbulent
region. Thus, an increase in ice mass fraction in the turbulent region will not make such a signiﬁcant inﬂuence on heat
transfer between ice slurry and the tube wall.
Figure 5 shows the variation of the ice slurry outlet temperature with the inlet ice mass fraction under a given
ice slurry mass ﬂow rate. It can be seen in the ﬁgures that the calculated results are reasonable agreement with the
experimental data when the ice slurry mass ﬂow rate is 4300 kg/h. However, for the condition of the ice slurry mass
ﬂow rate is 2000 kg/h, a large deviation appears when the inlet ice mass fraction is lower than 10%. This is caused
by the ice crystals melted completely in the heat exchanger and the ice slurry becomes to just carrier ﬂuid before it
ﬂowing out of the heat exchanger. While this condition is not the situation the mathematical model studies.
The variation of the calculated ice slurry heat transfer coeﬃcient with the inlet ice mass fraction when ice slurry
ﬂow rate is 4300 kg/h is shown in Figure 6. Both the calculated results and the experimental data reveal that the ice
slurry heat transfer coeﬃcient rises with an increase of the inlet ice mass fraction. The similar sudden decrease is
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Fig. 6. Comparison of the heat transfer coeﬃcient of ice slurry, m˙is = 4300 kg/h.
Fig. 7. Calculated results of the heat transfer rate varying with the amount of ice mass fraction reduction, m˙is = 4300 kg/h.
caused by the ﬂow regime transition at the aforementioned ice mass fraction threshold. It is also found that the ice
slurry heat transfer coeﬃcient increases faster in laminar region than that in turbulent region, which is the same as
that in the heat transfer rate. Figure 7 shows the prediction of the relationship between the heat transfer rate and the
amount of ice mass fraction reduction between the ice slurry outlet and inlet. It is can be seen that the growth rate of
the heat transfer rate increases with the ice crystals melted in the heat exchanger. It means that the more ice crystals
are melted, the better the heat exchanger performance is.
4. Discussion
It can be found in Figure 4 that the calculated results are higher than the experimental ones. The reason for this
overestimation is that the ice slurry heat transfer coeﬃcient is assumed as constant in the PDEs model, and it is then
calculated by the initial ice mass fraction at the ice slurry inlet. However, the ice mass fraction will decrease along the
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tube because of ice crystals melting by ﬂowing and heat exchanging. As a result, the local heat transfer coeﬃcient of
ice slurry will also decrease along the tube since it is a positive correlation between ice slurry heat transfer coeﬃcient
and the ice mass fraction. Consequently, the ice slurry heat transfer coeﬃcient calculated in the PDEs model will
be larger than its overall heat transfer coeﬃcient in the experiment, as shown in Figure 6. This means that the heat
transfer rate calculated by the PDEs model would be larger than that in the experiment. In this study, it is found that
when an amount of ice mass fraction reduction between the ice slurry inlet and outlet is less than 5%, using the ice
slurry heat transfer coeﬃcient which is calculated at the inlet ice mass fraction can obtain reasonable results. If the
amount of ice mass fraction reduction is signiﬁcant, acceptable results calculated can be obtained by computing the
ice slurry heat transfer coeﬃcient according to the arithmetic average of the ice mass fraction at the ice slurry inlet
and outlet.
5. Conclusions
In order to investigate the heat transfer characteristics of ﬁnned tube cross-ﬂow heat exchangers with ice slurry as
cooling medium, a mathematical model describing heat transfer process of the heat exchanger has been developed.
The mathematical model consists of three partial diﬀerential equations which are based on energy balance of the heat
exchanger at the ice slurry side, tube wall, and air side, respectively. For calculating the latent heat transfer of the
airﬂow which is caused by air moisture content changing, sensible heat factor (SHF) has been introduced into the e-
quations. In addition, a simpliﬁed and valid handling method that treats ice slurry as homogeneous ﬂow and calculates
its physical properties at initial fraction is introduced for the purpose of obtaining analytical solution. The comparison
between the analytical solution and the experimental data shows that the proposed model is reliable. Furthermore, the
proposed model is more convenient compared to some published experimental and numerical methods.
The present model is suitable for the conditions that ice crystals are just melted completely or not melted completely
at the heat exchanger outlet. The overestimation on the heat transfer rate is primarily caused by the introduced
assumptions of constant thermal physical parameters. Besides, the ice slurry ﬂow regime transition will also inﬂuence
the accuracy of the analytical solution. Moreover, the deviation of the solution results from the heterogeneous ﬂow
patterns appearing under low velocity conditions.
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